BOOK I11

CHAPTER IV

INEQUALITIESFROM THE ACTION OF THE PLANETS

780. THE action of the planets produces three different kinds of inequalities in the motions of the
moon. The firgt, and by far the greatest, arising from their influence on the eccentricity of the
earth’s orbit, which is the cause of the secular inequalities in the mean motion, in the perigee,
and nodes of the lunar orbit. The other two are periodic inequalities in the moon’s longitude; one
from the direct action of the planets on the moon, the other from the perturbations they occasion
in the longitude and radius vector of the earth, which are reflected back to the moon by means of
the sun.

For, let Sbe the sun, E
and m the earth and moon, P a
planet, and g the first point of
Aries. then, if P be the mass of
the planet, its direct action on

the moon is which

(Pm)
alters the position of the moon
with regard to the earth. Again,
the disturbing action of the

2 )

planet on the earth is 5
(PE)
which changes the position of
the earth with regard to the
moon, in each case producing
inequalities of the same order.
The latter become sensible from

the very small divisors they

acquire by integration.

The direct action will be determined first.

If X, Y, Z,X,Y, z bethe co-ordinates of the planet and moon, referred to the centre of
the earth, and f the distance of the planet from this centre, then

f=y(X-x)°+(Y-y) +(2-2) .

Butif X¢Y¢ZEx¢y¢ z¢ be the co-ordinates of the planet and the earth referred to the centre
of the sun,
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X=Xtx¢ Y=Y¢ y¢ Z=27¢ z¢

f :\/(Xd‘r (x®+ x))2 +(Y¢ (yo+ y))2 +(z¢ (z0+ z))2 ;
and the attraction of the planet on the moon is

1Pr2 - - zz9°
?_ 2f3 +;P(XQ+Y9+ZQ]¢5)°(¢'W¢ z9 +&c.

The ecliptic being the fixed plane,
1
z¢=0, r¢=—, vl=gSE.
uc

Then, if R =SP, U =9gSP, and S be the radius vector, longitude, and heliocentric latitude of
the planet, it is evident that

H 2

G cosv¢, = smv¢’ e \J1+s
ut u¢ uc
X¢=RcosU, Y¢= R snU, Z¢=RS;

hence

f :\/R2(1+ SZ)+ ré¢ - 2Rrtcos(U - v ;
therefore the action of the planet on the moon is

1 2 i
P. EP(1+S )+EP(R/C°S(V' U)- r cos(v- v +RsS) +&¢.
f u2f3 2 U2f5

or, omitting S, itis
P(1- 25°)

PTE +&c. &cC.

P
—+
f

The first term does not contain the co-ordinates of the moon, and therefore does not affect her

motion; and the only term of the remainder of the series that has a sensible influence is %

which, therefore, forms a part of Rin (208); and, with regard to the action of the planets alone,

R:P

21:3'

But, by article 446, the development of f is
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%A<0>+A(1>COS(U - va)+A<2> cosZ(U - vG)+& C.

If i be the ratio of the mean motion of the planet to that of the moon, by equation (212)

U =iv- 2iesin(cv- v ) +&c.

Hence, if iv be put for U, and mv for v¢§ it is evident that

R=4—E)2{%NO>+N1>cos(i- m)v+A(2> cosz(i- m)v+&c.}

The only term of the parallax in which thisvalue of Ris sensible is

1 aRp
h % du g
which becomes
PA©
+
4h°u®  2h*®

{A® cos(i- m)v+A® cos2(i- mv+&c};

or,if e and g? be neglected, u® =a®, and the periodic part of - %a@g is
h? &du g
P_a3{ A? cos(i - m)v+A® cos2(i- m)v+&c}
2h? '
But, by the second of equations (209), - %8@9 contains the variation of %‘i whichis
h? &du & 2h’u
2
- wdu = 3m du.
2h’u 2

Let
du =G cos(i- mv+G,cos2(i - m)v+G,cos3(i - m)v+&c.

Therefore the direct disturbance of the planets gives

d®u pa’ : :
Fva e { A cos(i- m)v+A cos2(i- mv+é&c)
3 : . B
= {G,cos(i- m)v+G,cos2(i- m)v+&c} =

Gl(l- (i- m)z)cos(i - m)v+G, (1— 4(i - m)Z)COSZ(i - m)v+&c.
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And comparing similar cosines,*

VN
- 2
& 1- 27 - (1- m)2

2
] SPxA @
1- 3m?- 4(1- m)°
SPxA@?
1- 2m?- 9(1- m)’
&c. &c.

G, =

G, =-

and thus the integral u or (228) acquires the term

-ipa;%. A cos(i - m)v N A, cos2(i - m)v

i1 2P (i-m)° 1 2mP- 4(i- m)

2

i
+&cCy

b
consequently, the mean longitude nt +1 contains the term

Pa’} Asn(i-myv  IAsinZi-myv @

: +&cCy
I-m%l- Sm?- (i-m)* 1-2mP- 4(i- m)° i;
3
orif a® beeiminated by =
a¢
Emza@‘ . . 1 . . L]
e i Asn(i- myv .\ A sIin2(i- m)v +&c.y (245)

i-m i1-2nf- (i-m)” 1- 2 4(i- m)’ b
md being the mass of the sun.
If B, B,, &c., beputfor A, A,, &c., it becomes
Pty o N ,
mt i Bsin(i- m)v .\ 5B,sin2(i- m)v f (246)

+ &c.y

M ofLIme - (i-m) L Sni-a(-mp g,

which is the inequality in the moon’s mean longitude, arising from the action of a planet inferior
to the earth.
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And if a be the ratio of the mean distance of the planet from the sun to that of the sun
from the earth, the substitution of a®B,, a°B,, &c., for A, A, &c., in equation (245), gives

ﬁmzﬁéasi' B,sin(i- mjv  2B,sin2(i- m)v f (247)
m¢' I ; 2 - 2+§322 : 2+&C'y
-m 51-2m- (i-m)° 1- 2mP- 4(i- m) b

for the action of a superior planet on the mean longitude of the moon.

781. Besides these disturbances, which are occasioned by the direct action of the planets
on the moon, there are others of the same order caused by the perturbations in the radius vector
of the earth. The variation of u¢ was omitted in the development of the coordinates of the moon,
but

_mué _ 3mué

2h°u® 2hu® du¢

and when the eccentricities are omitted,

3
h? =a, and mx = alr’.
a¢
So
mdzafi :Sawdud;
2h7u 2a

since du¢:d—r¢ are the periodic inequalities in the radius vector of the earth produced by the
a

action of a planet, they are given in (158), and may be represented by

adlut=- niﬁ{ K, cos(i - m)v+K, cos2(i- m)v+é&c)}
where the coefficients K, K,, &c. are known, and (i- m)v is the mean longitude of the planet
minus that of the earth. Thus

2
3aén dut=- 3m

2a 2

2
><r%t{K1 cos(i - m)v+K,cos2(i- mv+é&c}

By the method of indeterminate coefficients, it will be found that adu contains the function

3m* P K.cos(i- mv  K,cos2(i- m)v fl
2 x?ﬂ;l]_ 3m? - (i P - 2+&C-y
i1- 2 - (i- m)” 1- 3m’- 4(i- m) b
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and the mean longitude of the moon is subject to the inequality

3’ P11 Kcos(i- m)v ,_K,cos2(i- m)v
i-m m&1-2nE- (i- mf 1- 2ne- 4(i- m)

> +& cy (248)
p

Numerical Values of the Lunar Inequalities occasioned by the Action of the Planets

782. With regard to the action of Venus, the data in articles 611 and 610 give

a=0.7233325; i- m=0.04679

P__ 1 .
m¢ 356,632

hence because
aé B, =8.872894,

a¢B, = 7.386580,

a¢B, =5.953940,
function (246) becomes

+0:62015sin(i - m)v+0%25990sin2(i - m)v+0€14125sin3(i - m)v

du¢

which is the direct action of Venus on the moon. Now dr¢= - & and when the eccentricity is
u
omitted, u¢ :i@; hence d_r¢¢ =-a@u¢ But if the action of Venus on the radius vector of the
a a

earth be computed by the formula (158), it will be found that

a®lu¢=+0.0000064475cos(i - m)v
- 0.0000184164cos(i - m)v
+0.000002908c0s3(i - m)v.

This gives the numerical values of the coefficients K°, K*, &c.; hence formula (248)
becomes

+0®82200sin(i - m)v
- 0¥69336sin2(i - m)v
- 0#07380sin3(i - v)v,
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which is the indirect action of the planets on the moon’s longitude. Added to the preceding the
um is

+1€:102355sin (i - m)v

- 0643336581 n2(i - m)v

+06067455sin3(i - m)v,

the whole action of Venus on the moon’s mean longitude.

783. Relative to Mars:

a =0.65630030
a¢B, =5.727893
a¢B, = 4.404530
atB, = 3.255964

i- m=-0.0350306
P 1
m~ 1,846,082

and by formula (158) with regard to Mars,

a®lu¢=+0¢00000017778 cos(i- m)v
+ 00000026121  cos2(i - m)v
+ 06000000111  cos3(i - m)yv,

whence the action of Mars on the moon’s mean longitude, both direct and indirect, is

+04:025583sin (i - m)v
+0€:38928356i n2(i - m)v
- 0%027337sin3(i - m)v.

784. With regard to Jupiter,

a =0.192205
a¢B, =0.618817
a¢B, = 0.147980
a¢B, =0.0331045

i - m=- 0.06849523
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1
1,067.09

P_
m

And formula (158) gives for the action of Jupiter on the radius vector of the earth,

a®lu¢=- 0.0000159055 cos(i- m)v
- 0.0000090791 cos2(i- m)v
- 0.00000064764cos3(i - m)v.

Whence it is easy to see that the whole action of Jupiter on the mean longitude of the moon, both
direct and indirect, is

+06:744355sin(i - m)v
- 0624440581 n2(i - m)v
- 0601282>sin3(i - m)v.

If al these inequalities, resulting from the action of the planets on the moon, be taken
with a contrary sign, we shall have the inequalities that this action produces in the expression of

the true longitude of the moon, (i - m)v being supposed equal to the mean motion of the planet
minus that of the earth.

785. The secular action of the planets on the moon, and the elements of her orbit, may be
0

determined from the term %; but as it is insensible, the investigation may be omitted.
u

Notes

! The left hand side of the 2" equationreads G* in the 1% edition.

2 The numerator in the 2" term of equation (247) reads % B, sin (i - m) v in the 1% edition.
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